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Recently Kartsatos [2] considered the equations 
X(yt) + H( t, x(t)) = 0, (1) 
x@)(t) + H( t, x(t)) = Q(t), (2) 
where n is even, H: [to, co) x R + R and Q: [to, 00) -+ R are continuous, 
xH(t, x) > 0 and H(t, x) is increasing in x for x # 0, and obtained the 
following interesting result (Corollary 2.1 in [2]). 
THEOREM (*). Assume that there exists a function S: [to, co) + R such 
that S is oscillatory, S’“‘(t) = Q(t), t E [to, co), and lim, _ oj S(t) = 0. Then 
Eq. (2) is oscillatory if and only if Eq. (1) is oscillatory. 
The purpose of this note is to extend Theorem (*) to more general 
equations of the form: 
and 
L,x(t)+ H(t, x(t))=O, (3) 
Lx(t) + H(t, x(t)) = Q(t), (4) 
’ Present address: Department of Mathematics, P.O. Box 1682, University of Petroleum 
and Minerals, Dhahran, Saudi Arabia. 
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where n is even, 
Lox(t) =x(f), 
LX(~) = 4f(tKL- IXO)L k = 1, 2 ,..., n, (‘= (d/dr)), 
a()=a,z= 1, 
H: [to, w)xR-tR, ai, e: [to, Go) + R are continuous, a,(t) > 0, 
ldidn-I, xH(t,x)>O, and H(t,x) is increasing in x for x#O. We 
assume that 
1 <i<n-1. (5) 
The domain D(L,) of L, is defined to be the set of all functions 
x: [to, co) -+ R such that Lkx(t), 0 f k d n exist and are continuous on 
[to, co). By a solution of (3) we mean a function x E D(L,) which satisfies 
(3) on [r,, co]. A nontrivial solution of (3) is called oscillatory if the set of 
its zeros is unbounded and it is called nonoscillatory otherwise. 
In the sequel we need the following lemmas: 
LEMMA 1. Suppose (5) holds. Zf x E D( L,,) satisfies x(t) L,x(t) < 0 on 
[t,, co ), then there exists an odd integer 1, 1 d I6 n - 1 and a T> to such 
that 
x(t) L,x(t) > 0 on CT, a)), for O<,j<l 
and 
(-1)/-/x(t) L,x(t)>O on [T, m),for I+ 1 Gj6n. 
Lemma 1 generalizes a special case of a well-known lemma of Kiguradze 
[6] and can be proved similarly. It is also related to a recent result of 
Grammatikopoulis [ 11. 
Now let x(t) solve (3). Then we will say that x E B( t, k) if there exists an 
odd number k (1 dk<n- 1) and TE [to, co) such that for t> T 
(-l)iL,x(t)<O i = k + 1, k -+ 2,..., n 
and 
L,x(t) > 0 i = 0, 1 ,..., k. 
The proof of the following lemma is similar to that of Lemma 2.1 in [3], 
and we shall sketch the proof. 
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LEMMA 2. Suppose z E B( T, k) for some (T, k) E [to, co) x { 1,2 ,..., 
n- 1) and 
L,z(t) + G(t, z(t)) 6 0, t>T 
where G: [to, GO) x R + R is continuous, xG(t, x) > 0, and G(t, x) is increas- 
ing in x for x # 0 and L, is as above. Then for every x0 with 0 < x0 < z(T) 
there exists a solution x(t) of the equation 
L,x(t)+G(t,x(t))=O 
such that x(t,) = x0 and x E B( T, k). 
Proof: Since z(t) > 0 and L,z(t) < -G(t, z(t)) < 0 for ail large t, it 
follows that Lkz(t), 0 <k d n are of fixed sign for all large t. As in Lemma 
2.1 in [3] we see that 
and 
= z(T) + ICl(t, z(t)). 
Now define 
x,(t) = 41) 
x,+,(t)=xo+ICl(t,x,(t)), n = 1, 2,.... 
The rest of the proof is similar to that of Lemma 2.1 in [2] and hence is 
ommitted. 
LEMMA 3. Consider Eq. (4) and assume the existence of a function 
n: [to, co) + R such that L,?(t) = Q(t), t E [to, 00) and lim,, m q(t) =O. 
Assume further that (3) has a solution XE B(T, k) for some (T, k) E 
[to, co ) x ( 1,. 2 ,.,., n - 1). Given E with 0 < 2~ < x(T), let T, 3 T be such that 
In(t)1 <e for every t 2 T,. Then there exists a solution z(t) of (4) such that 
O<z(T,)<x(T,) and z(t)>Ofor t> T,. 
Proof Since n is even, L,x(t)>O for tbT,, x(T,)-E>x(T)-E>O. 
Now consider the function u(t) = x(t) + q(t). Then 
L,u(t) + Wt, u(t) -v(t)) = Q(t), t> T,. 
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Since H is increasing, H(t, u(t)--r](t))> H(t, u(t)--&)>0 for t3 T, 
because H has the sign of its second variable and u(t) - E = x(t) + r(t) - 
sax(t)-22~ax(T,)-2s>O. Thus 
Now consider the transformation u(t) = u(t) - y~( t) - E, t 3 T, . Then 
L,u(t) + Wt, u(t) + r](t)) 6 0, t3 T, 
with v(t) + q(t) = u(t) - E 3 x( T, ) - 2~ > 0. 
Now, essentially Lemma 2 implies the existence of a solution w(t)>0 
(O<w(T,)<u(T,)=x(T,)-E) for the equation 
L,w(t) + H(t, w(t) + r/(t)) =O, t> T,. 
Letting z(t) = w(t) + q(t), t >, T, we obtain the desired solution of (4) with 
z(T,)=w(T,)+q(T,)<x(T,)-E+E=x(T,). 
Now we are ready to prove our main result. 
THEOREM. Consider Eq. (4) and let the function q be as in Lemma 3 and 
be oscillatory. Then (4) is oscillatory if and only if (3) is oscillatory. 
Proof. Let (4) be oscillatory and assume that (3) is nonoscillatory. 
Then there exists at least one nonoscillatory solution of (3), say x(t) > 0 for 
all large t. It is easy to check that XE B( T, k) for some (T, k) E [to, M) x 
{ 1, 2,..., n - 1 }. Lemma 3 implies now that (4) has a positive solution, a 
contradiction. 
Next, assume that (3) is oscillatory and (4) is nonoscillatory and assume 
the (4) has a solution x(t) >O for t 3 t, > t,. Then the function u(t) = 
x(t) - q(t), t > t, satisfies 
Thus the function u is either positive or negative with L, ~, u(t) > 0. The 
case of u(t) < 0 cannot happen because of the oscillatory character of q(t). 
Then L,u(t)>O for tat,, t23tl (by Lemma 1). Thus 
u(t) 3 U(fZ) > 0 for tat,. 
Now choose E and t, 2 t2 such that 0~ E < u(t2) and Ity(t)l <E for t > t3. 
Then we have 
H(t, u(t) + q(t)) 2 H(t, u(t) - E) > 0 for t 3 t,. 
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Now we apply a similar argument as in Lemma 3 to obtain a positive 
solution o(t), t 3 t, to the equation 
L,u(t) + H(t, u(t) -&) = 0. 
The function u actually satisfies u(t3) = u( tx) > F and u(t) 3 o(tj) for all 
t > t,, Now if we let z(t) = u(t) -E > 0 for t 2 t, we obtain a positive 
solution z(t) of (3), a contradiction. The proof of the case x(r) < 0 for all 
large t is similar and hence is omitted. 
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